Journal of Quantitative Spectroscopy & Radiative Transfer 227 (2019) 72-85

Journal of Quantitative Spectroscopy & Radiative Transfer | xue

Contents lists available at ScienceDirect =

ournal of
uantitative
pectroscopy &

journal homepage: www.elsevier.com/locate/jqsrt

On snowpack heating by solar radiation: A computational model n

Leonid A. Dombrovsky ®”* Alexander A. Kokhanovsky¢, Jaona H. Randrianalisoa

Check for
updates

2 Joint Institute for High Temperatures, NCHMT, 17A Krasnokazarmennaya St, Moscow 111116, Russia
b University of Tyumen, 6 Volodarskogo St, Tyumen 625003, Russia

€ VITROCISET Belgium SPRL, Bratustrasse 7, Darmstadt D-64293, Germany

d GRESPI Laboratory, The University of Reims, Champagne-Ardenne, 51687 Reims Cedex 2, France

ARTICLE INFO

Article history:

Received 15 January 2019
Revised 4 February 2019
Accepted 4 February 2019
Available online 5 February 2019

Keywords:

Solar radiation

Snow heating

Radiative transfer
Absorption and scattering
Computational model

ABSTRACT

A new approach to calculate the solar radiation transfer in absorbing and scattering snow and the result-
ing heating and possible partial melting of snow is suggested. The propagation of both the directional
solar radiation and diffuse radiation from the sky is calculated using the transport approximation for
the scattering phase function and two-flux method for radiative transfer of a diffuse component of the
scattered radiation. A comparison with the direct Monte Carlo simulation of solar radiation transfer in
a snowpack confirmed sufficiently good accuracy of the differential method. The calculated distribution
of the absorbed radiation power is considered as a heat source in a transient energy equation to obtain
the evolution of temperature profile in a snowpack during several solar days. The computational results
obtained for the model problem as applied to heat transfer conditions typical of polar regions make clear
a relative contribution of the visible and near-infrared spectral ranges and also the role of both radiative
and convective cooling as well as continuous conductive heating of a deep snow layer. The effect of a

sloping surface on solar heating of snow is also analyzed in the paper.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Polar regions of our planet are undergoing rapid changes,
including the decrease of ice/snow extent with corresponding
impacts on polar environments [1,2]. The behavior of massive ice
and snowpack under regular summer heating by solar radiation
is one of the problems which is not well understood because of
interaction of a variety of physical processes. The present paper
is focussed on a particular problem of physical and computational
modeling of snowpack heating by solar radiation.

There are many research papers concerning the spectral prop-
erties of snow, the snow albedo (including effects of atmospheric
impurities), and the effects of heat transfer conditions on both
microstructure and macroscopic properties of snow. However, only
few publications are focused on modeling the combined radiative
and conductive heat transfer in a snowpack. One should recall
the interesting findings of the study by Brant and Warren [3] on
a relatively deep penetration of shortwave solar radiation in a
snowpack and night radiative cooling by emission of thermal
infrared radiation to space occurring at the very top surface of the
snow. The authors of [3] used the term “solid-state greenhouse”
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for this interesting phenomenon. Deep penetration of heat into
the snowpack was discussed also by Liston and Winther [4]. In
particular, they reported that about seven times more meltwater
is produced subsurface compared to the surface for snow-covered
areas in near coastal Antarctica. The most of studies including
recent paper [5] employed some variants of the two-flux approxi-
mation (sometimes, without a separate consideration of collimated
and diffuse components of the radiation field) and did not present
the study of possible errors of this traditional approach. To the
best of our knowledge, there is no complete computational model
for both the spectral radiative transfer and alternating heating and
cooling of a snowpack. We have not found an analysis of the role
of the main physical parameters on computational results as well.

The main objective of the paper is twofold: (1) To develop an
approximate but complete and reliable computational model for
heating of snow by solar radiation and (2) To present the numer-
ical results illustrating the influence of the main physical parame-
ters on snow heating.

A choice of particular theoretical models seems to be natural
for the beginning of a study concerning the interaction of spectral
radiative transfer in absorbing and scattering snow and transient
heat transfer in a snow layer. The simplest approaches are used
to calculate wide range optical properties of snow, transfer of an
oblique solar irradiation in snow, and evolution of temperature
profile in a snow layer. However, the complete model takes into
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radius of particle

normalized coefficients

specific heat capacity

thickness

function introduced by Eq. (12)
function introduced by Eq. (1e)
size distribution of ice grains
functions introduced by Eq. (1d)
volume fraction

irradiance

convective heat transfer coefficient
radiation intensity

diffuse radiation intensity
thermal conductivity

latent heat of melting

distance between particles
complex index of refraction
number of rays

index of refraction

radiative power

efficiency factor

radiative flux

functions introduced by Eq. (1e)
temperature

time

diffraction parameter
coefficient in Eq. (1a)

normal coordinate

Greek symbols
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absorption coefficient

extinction coefficient
declination of the Sun
coefficient in Eq. (23c)
integration variable in Eqs. (1a) and (1b)
function introduced by Eq. (1e)
zenith angle

sloping angle

index of absorption

radiation wavelength

cosine of an angle

asymmetry factor of scattering
coefficient in Eq. (2)

density

scattering coefficient

optical thickness

parameter introduced by Eq. (18a)
scattering phase function
functions introduced by Eq. (1c)
local latitude

hour angle

function introduced by Eq. (27b)
scattering albedo

Subscripts and superscripts

0

a
air
av
diff
i

m

initial
absorption
air
average
diffuse
incident
melting

ni near-infrared range
S scattering

sky sky

sl sloping

sol solar

t total

th thermal

tr transport

vis visible range

w spectral window
A spectral

account both the direct solar radiation and diffuse radiation from
the sky, the convective cooling of snow typical of polar regions
and the middle-infrared radiative cooling, the local melting and
solidification of snow, and also the effect of sloping of snow
surface on time variation of the surface temperature.

Several alternative approaches are considered for the spectral
optical properties of snow and radiative transfer calculations in an
optically thick layer of snow. This makes possible a verification of
analytical methods employed in the present study. It is proved that
relatively simple methods chosen in this work are sufficiently ac-
curate for the problem under consideration.

2. Spectral optical properties of snow
2.1. Optical constants of ice in the visible and near-infrared

Two spectral optical constants are usually considered as
real and imaginary parts of the complex index of refraction,
m(A)=n(1)—ik(X), where n is the index of refraction, « is the in-
dex of absorption, and A is the wavelength [6]. Spectral behavior
of the indices of refraction and absorption are not independent of
each other but satisfy the Kramers-Krénig relation [7]. Particularly,
the index of refraction is almost constant in the spectral ranges of
a very low absorption as that for water ice in the visible range. The
spectral optical constants of ice obtained by Warren and Brandt
[8] are plotted in Fig. 1. The wavelength range shown in this figure
is the most important one for the radiative heating problem under
consideration.

The extremely low value of « in the visible and a significant
increase of absorption index in the near-infrared range determine
the specific spectral properties of ice grains and snow. In partic-
ular, the high value of snow albedo is a result of almost perfect
spectral transparency of pure ice [9-11]. Obviously, even very small
amount of impurities such as atmospheric aerosol particles may
increase significantly the value of «, and this affects strongly the
observed albedo of snow [12-14]. One can also recommend more
recent papers on the specific problem of snow albedo [15-19]. In
the present paper, the solar heating of pure snow is considered and
the effects of impurities are beyond the scope of the paper.

2.2. Spectral optical properties of snow

Theoretical modeling of optical properties of various turbid
media is often based on the classical Mie theory for spherical par-
ticles [20-22]. The size of snow particles is much greater that the
wavelength of solar radiation, and the shape of these particles may
be very complex. Therefore, the geometrical optics (GO) approx-
imation and some other advanced methods are used to calculate
optical properties of single particles and the resulting properties of
snow [23-25]. Alternative approaches for optical properties of ice
grains of complex shape can be found in papers [26-30]. However,
for the sake of simplicity, one should not forget about physically
sound analytical approximations suggested in early papers [31-37].
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Fig. 1. Spectral optical constants of ice: a

In the present paper, the spherical ice grains of different size
are considered instead of ice particles of complex shape and ori-
entation. The calculations are performed for ice grains of radius
a=>50 pm, 100pum, and 200pum. These variants can be treated as
those corresponding to different snow morphology. The case of
nonspherical particles can be treated as well. However, we focus
this study on snowpack heating and the problem of nonsphericity
of ice grains is of a secondary importance for us. For the same rea-
son we do not account for possible snow pollution. The study of
corresponding effects will be a subject of our future work.

The most general solution for the optical properties of homo-
geneous spherical particles is given by the Mie theory. However,
the ice grains considered are much greater in size that the wave-
length. This makes reasonable to consider the GO approximation as
the main tool in this work. At the same time, the Mie theory with
the use of computer code published in [35] and described also in
[37] is used for the reference calculations.

There is no need in analysis of all the properties of single ice
grains because only limited number of the main parameters are
used in a computational model suggested by us for the radia-
tive transfer in snow. The simple approach based on the trans-
port approximation for scattering phase function [35-38] is em-
ployed in radiative transfer calculation of the present paper. There-
fore, only two dimensionless characteristics of absorption and scat-
tering of single particles are calculated: the absorption efficiency
factor, Q,, and the so-called transport efficiency factor of scatter-
ing, Q" =Qs- (1 — f1), where f is the asymmetry factor of scat-
tering. The values of transport efficiency factor of extinction, Qi =
Qa + Qf", and transport albedo of the particle, wy = QL /Qy are also
considered. The above mentioned characteristics depend on spec-
tral optical constants and also on the diffraction (size) parame-
ter x=2ma/A introduced in the Mie theory. The spectral depen-
dence of optical constants makes reasonable to use dimensional
values of radiation wavelength and particle radius in subsequent
analysis.

The results of calculations using the GO solution obtained by
Kokhanovsky and Zege [33] are compared with calculations based
on the Mie theory in Fig. 2. The values of Q, and wy, are chosen for
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- index of refraction, b - index of absorption.

this comparison. Fig. 2 indicates that GO can be used to calculate
both the absorption efficiency factor and transport albedo of single
scattering for ice grains of various size. As a result, the important
value of transport extinction coefficient, Qi =Qa/(1 — wy), can be
also obtained using the GO solution for the case of x <<n [33]:

Q=2-0Q Q=1+0 a=1+y/(1+0q) (1a)

2 (72 ¢i(¢)sin2¢dg

s 1 [T 1
== i(¢)sin2¢d == = =
a 2}21/0 fi©)sin2cds y =1 TSR R

j=1

(1b)
where
¢(0) =E(1 —Rj)2 0s2(¢ — &) +Ry(1 - E?) cos 2¢
+2R?(E — cos2¢)E cos 2¢ (1¢)
f(6) =Rj+E(1-R)*/(1 - RE) (1d)
R = tan?(¢ - g:) Ry — sin® (¢ - gi)
tan?(¢ + ) sin®(¢ +¢)
0s

g5}
Il

exp (—4/()(\/1 - ;:2> = CT (1e)

To avoid numerical errors of direct calculations by Egs. (1a)-
(1e) at Q; <1072, one can use the following approximation which
is correct in the case of kx <<1:

Qa=4vkx v= %[,ﬁ —(n?- 1)3/2] )

One can also use the following expression recommended in
[37,39] for arbitrary values of x:

= (nj—inl)z[] — exp (—4kX)] (3)
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Fig. 2. Optical properties of single ice grains: a - efficiency factor of absorption, b - transport albedo.

Note that Eq. (3) is sufficiently accurate for droplets and solid
particles of different chemical compositions in the spectral range
of semitransparency of the particle substance [39-42]. Egs. (2) and
(3) give practically the same values of Q, for ice grains under con-
sideration.

One can see in Fig. 2b that light scattering highly predom-
inates very weak absorption in the visible spectral range. This
results in a strong reflection of visible solar radiation from the
snow surface and relatively small contribution of this spectral
range to the heating of snow surface layer. At the same time,
the remaining (not reflected) visible part of the collimated solar
radiation forms almost diffuse radiation field in the snow which
can be described on the basis of simple differential models. It
should be noted that the visible light is absorbed relatively far
from the snow surface, and a contribution of this effect to heating
deep layers of snow may be considerable. On the contrary, the
reflection of near-infrared solar radiation from the snow surface is
smaller as compared to that in the visible. Also there is a strong
contribution of this spectral range to the radiation power absorbed
in the surface layer of snow. The role of multiple scattering is
important in the near-infrared range as well, and the transfor-
mation of the direct solar radiation into the diffuse one because
of multiple scattering takes place at small distances from the
snow surface. The strong multiple scattering of radiation in snow
makes it possible to use simple approximations for the scattering
phase function (like the mentioned transport approximation),
which leads to significant simplifications in radiative transfer
calculations.

The ice grains are large in comparison with the radiation
wavelength. Also it is assumed that the hypothesis of independent
scattering is true [43-46]. It means that each particle absorbs
and scatters the radiation in exactly the same manner as if other
particles do not exist. In addition, there is no systematic phase
relation between partial waves scattered by individual particles
during the observation time interval, so that the intensities of
the partial waves can be added without regard to phase. In other
words, each particle is in the far-field zones of all other particles,
and scattering by individual particles is incoherent.

In the case of polydisperse spherical ice grains, the following
equations are true [37]:

o 0f B} = 0.75F, /amx {Qa. QY. Qur}a?F (a)day

Amin
Amax

/ @F(a)yda  f, = Psnow/ Pice (4a)

Amin
where «;, off, and B =a, + o are the spectral absorption
coefficient, the transport scattering coefficient, and the transport
extinction coefficient, f, is the volume fraction of effective ice
grains in snow, psnow and p;c are the densities of snow and bulk
ice, respectively, F(a) is the size distribution of ice grains. In many
cases, one of the mean radii g;;_; can be used to reduce the
problem to the monodisperse approach [37]:

{an, ol B} =0.75£,{Q0Q", Qur}/a; 4

max max
ajj 1 :/ ajF(a)da// @~ 'F(ayda j=1,2,3 (4b)
Amin Amin

In the case of j=3, we have the Sauter mean radius as,, but it
is known that this choice is not the universal one. Moreover, the
monodisperse approximation with any a;;_; may be inapplicable
even in not too complex problems [37,47].

The following size distribution was used in subsequent esti-
mates:

F(@) ~ 1= (a—amin)*/03,  dav = (Gmin + Gmax) /2 (5)

The calculations for wide size distribution with a;, =50um
and amax =150pum showed that the value of a;; =105um is good
as an equivalent radius of monodisperse ice grains. This is demon-
strated in Fig. 3, where the coefficients normalized per unit vol-
ume fraction, Ca =a, [fy and CI' = 0"/fy, are presented. It should
be noted that the choice of a,; is determined by scattering only
because Q, is almost directly proportional to the grain size and the
value of C; is weakly sensitive to the grain size. Note that transport
albedo of monodisperse snow, oY, is the same as that of single
scattering. It was shown in [37] that the value of an equivalent ra-
dius of monodisperse particles in independent of the one-modal
size distribution.

Obviously, similar results can be obtained for various size distri-
butions and the calculations of spectral properties of polydisperse
ice grains can be replaced by appropriate calculations for monodis-
perse grains. This possibility is used in the present paper.
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Fig. 3. Optical properties of polydisperse ice grains: 1 - complete calculation, 2 — monodisperse approximation with a=as;.

3. Solution to the radiative transfer problem in snowpack

The computational models which can be employed in calcula-
tions of the electromagnetic radiation propagation in a snowpack
can be classified into two categories, i.e., models based on radia-
tive transfer theory (see, e.g., [48,49]) and models based on direct
ray-tracing techniques [50-52]. A discussion of these approaches
including the model based on two coupled volume-averaged
radiative transfer equations [53-57] as applied to radiative transfer
in snowpack can be found in [58].

The traditional radiative transfer equation (RTE) or relatively
simple differential models are definitely more appropriate to ob-
tain the profile of absorbed radiation power, P(z), in a snow layer.
Obviously, the general problem is a spectral one, and the following
general relations are true:

Amax
P@) = / pa A pE ) = ()G (@) (6)

‘min

where G, is the spectral irradiance, A,;, and Amax are the bound-
aries of the wavelength range that makes the greatest contribution
to the solar heating of snow.

The radiative transfer problem for an optically thick layer of a
semi-transparent snow is characterized by multiple scattering. In
this case, the details of angular distribution of spectral radiation
intensity in single scattering are not important and one can use
the so-called transport approximation, which appears to be highly
successful method to solve many applied problems of neutron
transport and radiative transfer [36-38,59,60]. According to this
approximation, the scattering phase function in the RTE is replaced
by a sum of the isotropic component and the term describing the
peak of forward scattering:

D) (o) = (1 = ;) + 20,8 (1 — o) (7)

where ¢ is the cosine of scattering angle, ji, is the anisotropy
factor of scattering of a medium, and 6(1 — wg) is the Dirac delta-
function. With the use of transport approximation, the RTE can
be written in the same way as that for isotropic scattering, i.e.,
with @, = 1 but with the “transport” scattering and extinction

coefficients defined as follows:

off =0;(1-f1;) By =+ 05" = B — oufi (8)

where o, and S, are the ordinary coefficients of scattering and
extinction.

In the case of oblique solar irradiation, the radiation field in
a snow layer is three-dimensional. Obviously, for the distribution
of the absorbed power over the thickness of the snow layer, only
the solar zenith angle is important and it does not matter which
side of the normal the Sun is located. Let us imagine that the
radiative flux is uniformly distributed over the surface of a cone
with the same zenith angle at the vertex. Of course, in this case
the power profile of the absorbed radiation will be the same. In
other words, the original problem is equivalent to the 1-D axisym-
metric problem of the oblique irradiation along the cone surface.
The described technique has already been recently used in a study
on attenuation of solar radiation by water mists and sprays [61].
The axial symmetry enables one to integrate the original transport
RTE over the azimuth angle. The resulting equation and boundary
conditions for a snow layer can be written as follows (see, e.g.,
[37,62,63]):

al

O-tr 1
M872A+ﬂirl)\:7)\/,11k(z’u)du u=cosfd 0<z<d (93)

L0, ) =E" ()8 (i — 1) + B¢ L(d,~1)=0 p, i > 0 (9b)

where [ is the spectral radiation intensity, u;=cos6; is the di-
rection of incident solar light, Ii"l is the collimated solar radiation

intensity transmitted through the atmosphere, If\ky is the diffuse
radiation from the sky. In contrast to recent paper [64]| on radia-
tive heating of relatively thin layers of ice and snow, the volumetric
self-emission of thermal radiation in a thick snowpack is neglected
in Eq. (9a). It should be also noted that Eq. (9a) is written for the
particular case of an isotropic medium when the coefficients of
this equation do not depend on direction. The current time, t, is
not a variable of the radiative transfer problem, the value of t is
just a parameter of this particular problem. Note that the above
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mentioned spectral irradiance is defined as follows:

1
Gy (2. ) = / Gz pdu (10)

To simplify further transformations, consider the case of an op-
tically uniform snow layer when both the absorption coefficient
and transport scattering coefficient do not depend on coordinate z.
The linearity of the RTE makes possible a separate consideration of
additive contribution from the direct solar radiation and radiation
from the sky. Consider first the transfer of direct solar radiation.
Obviously, Egs. (9a) and (9b) can be written in the dimensionless
form:

81 _ tr_ _ 1 _
Ma'[)thr I, = %Gk G)\(T)Er) = /] I)\('C)Er, M)dM

(11a)

L0, ) =8(wi— ) L(oo,—p)=0 p, ju;>0 (11b)

There are two simplifications in Eqgs. (11a,b): the boundary con-
dition at z=d is replaced by the same condition at r)tr — oo (this
can be done for optically thick snowpacks), the dimensionless val-
ues of radiation intensity, I, =1, /150l (ui), current optical thickness,
T = fa BT (2)dz, and transport albedo, ! (z) = 0" (2)/BY (2), are
mtroduced

Following the usual technique [65], the radiation intensity is
represented as a sum of the diffuse component j, and the term
corresponding to the directional solar radiation:

B(T ) =5 (T 1) + B8 (e — i) EL =exp (—tf/ps)  (12)

The spectral irradiance can be also written as a sum of two
components:

1
Gt i) = G (T, i) + By Gy = [ ]j;dy, (13)

A similar approach to the problem of oblique incidence of solar
radiation was considered in [61,66].

The mathematical problem statement for the diffuse component
of radiation intensity is as follows:

o W =i i
Mar)';r +])~ 2)h (Giff"_Ek) (143)
50, ) =Ji(00, =) =0 >0 (14b)

The source term on the right of Eq. (14a) does not depend on
angular variable. According to [67], it enables further simplification
of the problem with the use of two-flux approximation.

For the diffuse radiation from the sky, one should use another

normallzatlon I=I /qS(y and replace the term 8(u; —u) by 1 in
g. (11b). As a result, the following equations are true:
W 7 O i
Mar" +J. = ) -G (15a)
L. u)y=1 Ji(oo,—p)=0 >0 (15b)

The spectral component of the absorbed radiation power given
by Eq. (6) can be written as:

Pz 1) = o, @] 6 @+ G @) | (16)
The superscripts “i” and “sky” are introduced here to distinguish
the dimensionless irradiance functions for the solar and sky radia-
tion.

3.1. Approximate analytical solution for absorbed radiation power

One of the differential approximations can be employed to cal-
culate the diffuse component of the radiation field [38]. These ap-
proximations are based on simple assumptions concerning the an-
gular dependence of the spectral radiation intensity. As a result,
one can deal with a limited number of functions flx (T)Er) instead
of function J, (!, i) and turn to the system of the ordinary dif-
ferential equations by the use of integration of RTE. The analysis
of the simplest differential approximations [37]| and direct com-
parison with the exact numerical solution for physically similar
problem [68] showed that the two-flux (Schwarzschild-Schuster)
method is preferable as compared with P; approximation (Edding-
ton method). This is explained by a discontinuous angular de-
pendence of radiation intensity at the irradiated boundary of the
medium.

The following representation of J; (r){r, () is considered in the
two-flux method:

J (),
5 (@),
Integrating Eq. (14a) separately over the intervals—1 <u <0

and 0 <u <1, one can obtain the following boundary-value prob-
lem for the diffuse irradiance Gi\'d‘ff(g{f) = @) +J@):

_ -1<u<0
B p) = (17)
A()L ) O<u<1

,(Gi)ldiff) +E2GHT — 40 UE £ =2 (18a)

(Ci\,diff)/(o) _ ZG'i};diff(O) (C;diff)’(oo) -0 (18b)

The above equations are true at arbitrary variations of &, and
a)ir with the current optical thickness r;r, and the problem (18a,b)
can be easily solved numerically. However, it is interesting to ob-
tain an analytical solution of the problem in the case of uniform
optical properties of snow. The analytical solution to the boundary-
value problem (18ab) at &, # 1/u; can be written as follows
[66]:

o 4t 24+ 1/
Gidiff (7t A (El i Emff) FAiff _ oy ot
A (A /“Ll) E2_1/u2 ATT2HE, p( S/\X)

(19)

where p; should be considered as a parameter. There are two dif-
ferent exponential functions in Eq. (19). The first one, E;, is related
with a contribution of the collimated solar radiation, whereas the
second one, ESfT, appears in the term corresponding to the diffuse
component of the radiation field.

For the diffuse radiation from the sky, the following simple ex-
pression can be easily obtained [36]:

G (1) = 2B (20)

A comparison of functions E} (z") and E{iff(z{T) indicates that
propagation depth of collimated radiation (defined as a distance
from the snow surface at which the irradiance decreases e times)
is less than the propagation depth of diffuse radiation compo-
nent when ! > 0.75. This condition is satisfied in the wavelength

A
range of A <1.4um.

3.2. Some computational results and verification of the analytical
solution

It is convenient to consider a model problem to understand the
main special features of the obtained solution for radiative transfer
in a snowpack. Obviously, a contribution of the direct solar radia-
tion to the snowpack heating is predominant as compared with the
sky radiation. Therefore, it is sufficient to consider the absorbed
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power of solar radiation at various values of zenith angle 6. It is
assumed in the model problem that the spectrum of the incident
solar radiation is similar to the blackbody radiation at temperature
Tso; = 6000K. The calculated relative values of the integral (over the
spectrum) radiation power, P = [5° P(z)dz/ f)\kr:;i" Iy (Tsop, M)dA (I is
the Planck function), absorbed in a snowpack containing ice grains
of different size are presented in Fig. 4. It is known that the spec-
trum of solar radiation is quite different from the model one at
large zenith angles. Therefore, this range of 64, is not shown in
Fig. 4. As one can expect, the main part of solar radiation is re-
flected from the snowpack because of almost total reflection of the
visible radiation. One can see that the value of P decreases consid-
erably with the zenith angle, whereas the effect of ice grain size is
insignificant.

The depth of the radiation propagation into the snowpack can
be illustrated by calculations at normal incidence (see Fig. 5).
The contributions of the visible range (A<0.78um) and the near-
infrared range to the absorbed radiation power are calculated

separately:

- - - - - )"mAX
P@) = Ris@ + Pu@ {Rus P} = R Pl /[ (T, 1y

‘min

(21)

The universal coordinates f,z and P/f, are used in Fig. 5 to
present simultaneously the results for various values of f, (the ra-
tio of snow density to ice density). At realistic value of fy=0.33,
the near-infrared radiation is absorbed mainly in a thin surface
layer of snowpack, whereas the visible radiation is absorbed almost
uniformly in the layer of thickness about 60 mm and its contribu-
tion to heating deep layers of snowpack is expected to be consid-
erable. The depth of the radiation penetration increases with the
grain size, but this effect is not strong. Therefore, the subsequent
calculations will be performed at a=100 pm.

The main difficulty of the problem under consideration is to
determine the full profile of absorbed radiation in a thick snow-
pack. This is much more complicated than the calculation of snow
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albedo or radiation absorption in a thin layer of snow considered
in many papers. Of course, the desired profile of the absorbed
power of radiation is easily obtained using the analytical solution
obtained above. However, an estimate of the error associated with
the employed approximate physical model of radiation transfer is
not an easy task.

The most obvious, but not the main, mathematical difficulty
becomes clear already when trying to numerically solve the
problem (18a,b). To obtain reliable results, the optical thickness of
the medium at the computational grid step should be much less
than unity. At the same time, Fig. 6 shows that transport optical
thickness of the snow layer at f, =0.33 is very large already at
z=40mm and the value of T}Er is about four times different at
A =1pm and A =2pm. This difficulty can be overcome in the case
of the two-flux method, but obtaining reliable numerical results
using more accurate high-order method of discrete ordinates
becomes almost impossible.

Therefore, the Monte Carlo simulation with a great number
of rays is used as a reference solution in the present paper. Two
characteristic wavelengths and three values of zenith angle were
chosen for verification of the suggested approach using the direct
numerical simulation of solar radiation transfer in a snowpack.

The forward collision-based Monte Carlo method is employed. The
details of this method can be found in textbooks [62,63], in review
paper by Farmer and Howell [69], and recent papers [66,70-72].
In the forward Monte Carlo (MC) algorithm of simulation of ray
propagation in an absorbing and scattering medium, a large num-
ber of stochastic incident rays N; of wavelength A and direction
cosine w; with respect to the outward normal at the snowpack
surface is followed throughout the medium until either they leave
the medium at the same boundary or are absorbed within the
medium. The spectral component of the absorbed radiation power
is calculated as:

P1(2) = Nia/(NiAz) (22)

where Nj, is the number of absorbed rays within a computational
cell of thickness Az.

A comparison between MC calculations at f, =0.33 and those
using the suggested approximate model presented in Fig. 7 indi-
cates good qualitative agreement between the data obtained using
these quite different methods.

One should recall that MC calculations are very time-consuming
and it is not realistic to use more than 108 rays in the calculations.
Most likely, it is insufficient in the case of A =0.6pm at z > 100mm
because very high albedo of the medium and large optical depth
of the light propagation. Therefore, a relatively strong decrease in
the absorbed power at z > 200 mm is related with the computa-
tional limitations of the MC simulation. So, one can say about suf-
ficiently good accuracy of the relatively simple method suggested
in the present paper. The latter statement is additionally supported
by an expected compensation of specific errors in spectral calcula-
tions by the integration of the absorbed radiation power over the
wavelength.

4. Computational model for heating of snowpack by solar
radiation

Generally speaking, there are various combined thermal or
related processes in a snowpack and many of them should be
involved in a complete transient computational model for snow
heating. As an example, one should recall the processes of ice
sublimation and diffusion of water vapor through a snow layer.
These processes appear to be important for the snow microstruc-
ture, which determines macroscopic snow properties. The related

3
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Fig. 7. The profiles of normalized absorbed radiation power in snowpack at typical wavelengths solid lines approximate solution, dotted lines - MC simulation; Upper curves

- normal incidence, middle curves - 6, =30°, lower curves - 6, =60°.



80 L.A. Dombrovsky, A.A. Kokhanovsky and J.H. Randrianalisoa/Journal of Quantitative Spectroscopy & Radiative Transfer 227 (2019) 72-85

60

45 4

1 S —
o 12 24

Fig. 8. Time variation of solar zenith angle considered in the case problem: 1 - horizontal surface, 2 - sloping surface at 95 =10°.

problems are analyzed in detail in [72,73]. Strictly speaking, a
contribution of both sublimation and diffusion processes to the
combined heat transfer in deep layers of snow should be also
taken into account [58,74-76]. However, a study of these processes
is beyond the scope of the present paper.

The simplest transient energy equation for temperature, T(t, z),
in the snow layer of thickness dy, >>d and the accompanying ini-
tial and boundary conditions can be written as follows:

oT 9 (, 0T
pcat:82<k82>+P t>0 O0<z<dy (23a)
T(0,2) = To(2) (23b)
oT w2 oT
2=0, ~kS =h(Ty ~T)-er fkm (T A 2=dg, 52 =0
(23¢)

where z is the coordinate measured from the open surface of a
snowpack, p, ¢, and k are the density, the specific (per unit mass)
heat capacity, and the thermal conductivity of snow, T,;(t) is the
temperature of air above the snow layer, h(t) is the convective
heat transfer coefficient. The condition of thermal insulation at the
boundary z=d;, means that we neglect heat transfer by conduc-
tion at z > dy,. Of course, the value of dy;, increases with time and
it should be estimated using additional calculations. The time de-
pendence of heat transfer coefficient is determined by a variation
of wind speed.

The last term in the right-hand side of the boundary condition
at z=0 is the mid-infrared radiative cooling due to thermal radi-
ation of snowpack surface in the atmospheric window of A, <A
<Aw2 (Aw1 =8 um, Ay =13 pm) [77-79]. The radiative cooling is
limited during the night time when it is not compensated by so-
lar mid-infrared radiation. Therefore, the coefficient & varies from
zero in the day time to the unity at night. The absorbed radia-
tion power, P(z), at arbitrary conditions of solar irradiation of snow
is calculated using the approximate analytical solution obtained is
Section 3 of the paper.

When solving the model problem, the calculations can be
carried out at constant or variable values of p, ¢, and k from the
literature. The latent heat of ice melting, L=0.34MJ/kg, is taken
into account using an equivalent additional heat capacity, Ac,

in narrow temperature range of Ty — AT <T <Tm+ AT (where
Tm=273K is the ice melting temperature, AT <<Tmy —Tp) as it
was done in [80-83] for physically similar melting and solidifi-
cation problems. The following simple variant of this approach is
employed in the present study:

L
Ac= 5= (1= |Tn = T|/AT) (24)

The heat transfer calculations should be interrupted at
T=Tm + AT. A correct choice of AT value is determined by the in-
terval of the computational grid and the time step of numerical
solution to problem (23a)-(23c).

Obviously, it is difficult to choose a realistic initial profile of
temperature, Ty(z), for the heat transfer calculations. Fortunately,
the effect of this temperature profile decreases with time. It will be
shown below, that the choice of Ty(z) makes no difference for the
snow temperature after about four hours from the conventional
initial time moment.

An implicit finite-difference scheme of the second order of
spatial approximation was used in the calculations. The specific
combination of a strong decrease of heat generation rate with the
distance from the snow surface and rather deep propagation of
heat in the snow layer due to long-time conduction makes it nec-
essary to use a detailed and strongly non-uniform computational
grid and double precision calculations. The results obtained were
verified using variations of the computational parameters of the
numerical procedure.

5. Numerical results

It is interesting to analyze the computational results obtained
at realistic parameters of a snowpack solar heating. Some results
of such calculations are presented below. The wide range of snow
density variation from p=100kg/m3 to 550kg/m3 leads to the
corresponding variations in thermal properties of snow. Obviously,
the volumetric heat capacity, pc, is directly proportional to the
density, whereas the thermal conductivity of snow exhibits more
strong increase with the snow density. In addition, at the same
snow density, variations in snow microstructure can change ther-
mal conductivity by a factor of two. Thermal conductivity of snow
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has been studied in many papers [74,84-93]. The most of the
results obtained are discussed in recent review paper [94]. It was
shown that thermal conductivity is almost directly proportional to
the square of density and varies from k=0.04W/(m K) to 1W/(m
K). The temperature variations of thermal properties of snow are
relatively small and the effect of temperature on snow density
and thermal properties is not considered in the case problem. The
following constant values of k=0.2W/(m K) and pc=0.6M]/(m3K)
corresponding to the volume fraction of ice grains of f,=0.33
were used in subsequent calculations.

In the midsummer (summer solstice), the current declination of
the Sun is equal to 6 =23.44°. This value of § is used to calculate

the solar zenith angle:
€0s Bso) = sin @ sin§ + cos ¢ cos § cos x (25)

where ¢ is the local latitude and x is the hour angle. The value
of ¢ =70° is considered in subsequent calculations. The following
relation is used to determine the value of x for the current time,
t, measured in hours from the midnight:

X =m|1-1t/12] ty =t —24|t/24] (26)
where symbol | | denotes the floor function. The resulting variation
of O, with the local solar time is shown in Fig. 7. The effect of a



82 L.A. Dombrovsky, A.A. Kokhanovsky and J.H. Randrianalisoa/Journal of Quantitative Spectroscopy & Radiative Transfer 227 (2019) 72-85

104

-15
0 12 24

36 48 60

't',h'72

Fig. 11. The effect of wind on time variation of snowpack surface temperature: 1 — hmax =8 W/(m? K) (very weak wind), 2 - 10W/(m? K) (weak wind), 3 - 15W/(m? K)

(moderate wind); A - complete calculation, B without radiative cooling.

0 12 24

36 48 60

4,h 72

Fig. 12. Effect of sloping of snowpack surface on the time variation of surface temperature 1 - horizontal surface, 2 - sloping surface (9 = 10°). Calculations at hy = 15W/(m?
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sloping surface of snow is also considered below. There are many
possible orientations of the sloping surface with respect to visible
path of the Sun. The simplest orientation can be treated as a vari-
ation of the declination angle. Time variation of the solar zenith
angle for such irradiated surface with a sloping angle 3, =10° is
also shown in Fig. 8.

The spectral radiative flux from the Sun and clear sky to the
horizontal earth surface are presented in Fig. 9. The spectral
dependences were calculated using the SBDART code [95]. The
choice of solar zenith angles is determined by the case problem
parameters. Generally speaking, a contribution of direct solar radi-
ation is much greater than that of diffuse radiation from the sky.
However, it is not the case for visible light at solar zenith angles
6o > 60°. Therefore, the sky radiation is taken into account in
the calculations.

The following analytical expressions for the everyday variation
of coefficients of convective heat transfer and radiative cooling are

used in the calculations:

h = hin + (Mmax — Mmin) ¥ (Os01) € =1 —F(O501) (27a)
1, 0<0y <4m/9

Y (Oso) = . .
0.5 - 0.5sin (1865, — 8.5m), 4mw/9 <Oy <7 /2

(27b)

It is assumed in Eq. (27) that the midnight conditions approach
gradually starting from 6, =80°. Note that the values of heat
transfer coefficient of hmax =10W/(m? K) and 15 W/(m?2 K) corre-
spond approximately to a weak wind (with a speed less that
about 1-2m/s) and to a moderate wind of speed about 3 m/s, re-
spectively [96,97], whereas hy;, =6 W/(m? K) can be used for the
windless weather.

The temperature profiles in snowpack calculated for the first
day at Ty = T, (z)=-10°C are presented in Fig. 10. One can see
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that snowpack is heated rather fast in the morning and reaches
the melting temperature at noon. A further evolution of the snow-
pack temperature depends strongly on wind speed. In the after-
noon, the maximum temperature of snow is predicted at the dis-
tance about 15 mm from the snow surface at 6 pm and hpax =15
W/(m? K). The evening and night cooling of snowpack takes place
for the surface layer of thickness from 15 mm to about 120 mm (for
the windy weather), whereas a continuous heat conduction leads
to further heating of deep layers of the snowpack.

The computational results for the three-day variation of snow
surface temperature are presented in Fig. 11. One can see almost
periodic variation of the temperature with a great difference
between the day and the night. The effects of both the convective
heat transfer in windy weather and the radiative cooling of a
snowpack surface are significant and cannot be ignored. It is
interesting that radiative cooling is partially compensated by a
relatively long convective heating. The latter may lead to the
unexpectedly strong surface heating and even melting as com-
pared with the computational predictions ignoring the radiative
cooling. This physical result of combined transient heat transfer in
a snowpack is obtained for the first time. Note that the details of
temperature behavior near the melting temperature are explained
by the finite value of AT=0.1K used in the model calculations.

Similar calculations for the better irradiated sloping surface of
snowpack with 95 =10° can be easily calculated by multiplying
the directional radiative flux at solar zenith angle 6.,(t) by the
ratio of cos(6l)/cos(fs,), where 681, (t) is plotted in red in Fig. 8.
According to Eq. (32), the conventional night-time conditions
including the radiative cooling don’t take place for the sloping sur-
face considered. The overall effect of snow surface sloping on time
variation of snowpack surface temperature is shown in Fig. 12.
Obviously, the snow surface turned to the Sun exhibits a higher
surface temperature of snowpack, especially in the time of large
zenith angle of the Sun. It means that specific conditions of solar
irradiation cannot be ignored even at sloping angle of 95 =10°.

It is important that the above calculations for the case problem
demonstrated the main possibilities of the computational model,
which is expected to be a convenient and useful tool in further
studies of snowpack solar heating.

6. Conclusions

The spectral optical properties of ice grains in a snowpack
are analyzed using both the Mie theory and geometrical optics
approximation. It was shown that geometrical optics is sufficiently
accurate to obtain the optical properties of snow with assumed
spherical ice grains in the visible and near-infrared spectral ranges.

A modified differential computational model for transfer of
solar radiation in absorbing and scattering snow was suggested.
The transport approximation for the scattering phase function and
two-flux method for radiative transfer of a diffuse component of
the scattered radiation formed a basis of this relatively simple
model. A comparison with the direct Monte Carlo simulation of
solar radiation transfer in a snowpack confirmed sufficiently good
accuracy of the differential model.

The obtained profiles of the absorbed radiation power at differ-
ent conditions of solar irradiation were used at the second stage
of the problem solution to calculate the heat source in a transient
energy equation. The numerical solution to the energy equation
accompanied by the initial and boundary conditions enabled us to
obtain the evolution of temperature profile in a snow layer during
several solar days as applied to summer conditions in a polar
region.

The computational results obtained for the case study makes
clear a contribution of the visible and near-infrared solar radiation
as well as the role of convective cooling or heating of snow,

mid-infrared radiative cooling of snow surface, and continuous
heating of deep snow layers due to heat conduction. The numeri-
cal results for the effect of a sloping snow surface on solar heating
of snow were also obtained using the developed physical model
and computational procedure. The numerical analysis indicates a
deep heating of snowpack and relatively strong effect of wind and
radiative cooling on surface temperature of snow. The calculations
for the case problem demonstrated the main possibilities of the
computational model, which is expected to be a convenient and
useful tool in further studies of snowpack solar heating.
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